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ABSTRACT 

P a r t  I of  t h i s  paper has discussed long i tud ina l  wave propagation, 

perpendicular  t o  the s ta t ic  magnetic f i e l d ,  i n  a w a r m  homogeneous 

magnetoplasma. P a r t  I1 extends the work t o  ob l ique  propagation. The 

r i n g  and Maxwellian t r a n s v e r s e  v e l o c i t y  d i s t r i b u t i o n s ,  which are 

abso lu te ly  uns t ab le  and stable,  r e spec t ive ly ,  f o r  perpendicular  prop- 

aga t ion ,  are shown he re  t o  be both abso lu te ly  uns t ab le  f o r  ob l ique  

propagat ion.  T h e i r  i n s t a b i l i t i e s  are r a d i c a l l y  a f f ec t ed  by the in t ro -  

duc t ion  of a x i a l  v e l o c i t y  spread.  A d e t a i l e d  s tudy  is  made f o r  t h e  

cases of a Maxwellian t r a n s v e r s e  d i s t r i b u t i o n  wi th  resonance and 

resonance-squared a x i a l  v e l o c i t y  d i s t r i b u t i o n s ,  I t  is  shown t h a t  

abso lu t e  i n s t a b i l i t i e s  occur a t  h igh  energy an i so t rop ie s .  These become 

convect ive ly  uns t ab le  as t h e  an i so t ropy  is reduced, and a r e  quenched 

as i so t ropy  is  approached. The i s o t r o p i c  Maxwellian i s  t r e a t e d  i n  

d e t a i l ,  and shows both cyc lo t ron  and Landau c o l l i s i o n l e s s  damping. 

'Now at CEN d e  Saclay,  France 
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1. INTRODUCTION 

In  P a r t  I (Tataronis  and Crawford 1969), w e  considered t h e  prop- 

erties of  perpendicular ly  propagat ing CHW for t h e  r i n g ,  s p h e r i c a l  shell ,  

and Maxwellian e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n s ,  and f o r  a mixture of. 

r i n g  and Maxwellian. W e  cont inue  by cons ider ing  obl ique  propagation. 

I n  Sec t ion  3, a thorough s tudy  of t h e  r i n g  d i s t r i b u t i o n  is  made, This  

is followed by cons ide ra t ion  i n  Sec t ion  4 of a Maxwellian t r a n s v e r s e  

d i s t r i b u t i o n .  Though h igh ly  i n s t r i c t i v e ,  t h e s e  d i s t r i b u t i o n s  are n9t  

rea l i s t ic  i n  t h e  sense  t h a t  t h e  e l e c t r o n s  i n  p r a c t i c a l  magnetoplasmas 

w i l l  always have some motions p a r a l l e l  t o  the s t a t i c  magnetic f i e l d .  

For t h i s  reason,  t h e  remainder of the paper is  devoted to  a s ses s ing  

t h e  in f luence  of such motions on t h e  s t r e n g t h  and na tu re  of CHW 

i n s t a b i l i t i e s .  Sec t ion  5 r e t a i n s  t h e  Maxwellian t r ansve r se  d i s t r i b u t i o n ,  

and i n v e s t i g a t e s  t h e  e f f e c t s  introduced by resonance and resonance- 

squared a x i a l  v e l o c i t y  d i s t r i b u t i o n s .  T h i s  r e q u i r e s  some ref inements  

t o  t h e  s t a b i l i t y  c r i t e r i o n  used i n  P a r t  I .  These are presented i n  

Sec t ion  2.  F i n a l l y ,  Sec t ion  6 treats an i s o t r o p i c  Maxwellian d i s t r i b u t i o n .  

A s  before ,  w e  emphasize t h a t  w e  a r e  not p re sen t ing  a review of 

previous work, but  are t r y i n g  t o  p re sen t  systematically i n  a s i n g l e  

source  t h e  s a l i e n t  f e a t u r e s  emerging from our  numerical s t u d i e s  af t he  

very complicated CHW d i s p e r s i o n  r e l a t i o n s  appropr i a t e  t o  a v a r i e t y  of 

b a s i c  e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n s .  The pioneer  work i n  t h e  f i e l d ,  

and many more r ecen t  r e su l t s ,  should be accessible v i a  the  review by 

Crawfo r d  (1967). 



2. THEORY 

The genera l  CJ3W d i s p e r s i o n  r e l a t i o n  may be w r i t t e n  a s  (see P a r t  I )  

For v e l o c i t y  d i s t r i b u t i o n s  of t h e  form f ( v  ,v 1 = f I (vI)8(vg) ,  

(1) reduces t o  
0 1 II 

Two such cases ,  i .e. without  a x i a l  v e l o c i t y  spread,  w i l l  be s tud ied  i n  

Sec t ions  3 and 4. It  i s  c l e a r  from (2) t h a t  t h e  r o o t s  a(& r e a l )  must 
be e i t h e r  r e a l ,  or occur i n  complex conjugate  p a i r s .  

t h e  behavior  of the  cases  t r e a t e d  i n  P a r t  I .  Mode coupl ing,  and abso lu te  

i n s t a b i l i t y ,  w i l l  aga in  be shown t o  occur. 

/ 

This  is s i m i l a r  to 

When t h e r e  i s  a x i a l  v e l o c i t y  spread,  t he  s i t u a t i o n  i s  more compli- 

ca ted ,  and i t  becomes important  t o  no te  t h a t  

a unique func t ion ,  bu t  has t w o  branches f o r  k r e a l .  These a r e  r e a d i l y  

separa ted  by i n t r o d u c t i o n  of t h e  i d e n t i t y  

K(U,k) 

II 

g iven by (1) i s  not 
N 

where w = (u' - nruc)/k . To ensure convergence of t he  i n t e g r a l ,  t he  p l u s  

s ign is chosen i f  w < 0, and the  negat ive  i f  w > 0. S u b s t i t u t i n g  n i  n i  
II n 

2 



( 3 )  i n  (I), and assuming u) < 0, lea.ds t9  
i 

- 
Here, Hn( S,kL,kll)  i s  t h e  Four i e r  t ransform,of  Hn(vll,kl,kll) , 

The two branches K f ,  K-, a r e  connected by the  r e l a t i o n  

A s  a r e s u l t  of t h e  decomposition of K(u),k k ) i n  (4), t h e  i n s t a -  
l' ll 

b i l i t y  c r i t e r i o n  s t a t e d  i n  P a r t  I, Sec t ion  2, must be modified. 

p r i a t e  changes have been s t a t e d  by Der f l e r  (1967). 
tha,t  k i s  a f i x e d ,  r e a l  number and t h a t  t h e  propagation i s  p a r a l l e l  t o  

t h e  magnetic f i e l d .  D e r f l e r ' s  work then impl ies  t h a t  abso lu t e  i n s t a b i l i t y  

is present i f  ze ros  of K+(u),kL,kll) c o l l i d e  a c r o s s  t h e  p o s i t i v e  k 

or i f  ze ros  of K-(u),k ,k ) c o l l i d e  ac ross  t h e  nega t ive  k a x i s ,  a s  

v a r i e s  a long some contour i n  t h e  lower h a l f  complex plane. 

use  of t h i s  modified i n s t a b i l i t y  c r i t e r i o n  i n  l a t e r  s ec t ions .  

The appro- 

For d iscuss ion ,  assume 

L 

ax i s ,  
I1 

J. I1 I1 
We s h a l l  make 

3 



3 .  RING DISTRIBUTION 

Thi.s d i s t r i b u t i o n  may be w r i t t e n  a s  (see P a r t  I)  

S u b s t i t u t i o n  of (7)  i n  ( 2 )  y i e l d s  t h e  d i s p e r s i o n  r e l a t i o n  

2 2 2  Remembering t h a t  k = k + k (8) may be rearramged to  g ive  
1 II' 

' ( 9 )  

where is  the ang le  between k and the  s t a t i c  magnetic f i e l d ,  
N 

Dispers ion  Cha ra.c t eri  s t i cs 

Figure  1 shows numerical s o l u t i o n s  of (19) for seve ra l  va lues  of 0, 
and /Wc = 1. The curves f o r  8 f 90" i n d i c a t e  t h a t  t h e r e  a r e  now t w o  

branches undulat ing about each cyc lo t ron  ha.rmonic l i n e .  A t  "uct t h e r e  

a r e  resonances ( a l l  n), and c u t o f f s  ( n  # 0). Two add i t iona l  c u t o f f s  can 

be loca ted  by p u t t i n g  1 ~ .  = 0 i n  (9)'  

2 2  
P 

l. 

1 
These tend t o  a 

t ends  t o  90". 
a s  8 t ends  t o  zero,  and '"p'"c 1 2, zero,  a s  0 

p' c' 

I t  is  easy to  see from ( 9 )  t h a t  t h e  undulat ing branches c u t  t he  har-  

monic l i n e s  a t  t h e  ze ros  of Jn(pl). A s  0 tends t o  90"' t h e  curves  

4 
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Fig. 1. DISPERSION CHARACTERISTICS OF OBLIQUELY PROPAGATING 
CYCLOTRON HARMONIC WAVES: RING DISTRIBUTION. 
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pinch towards t h e  p o i n t s  

i n g  branch i n t e r s e c t s  each harmonic l i n e  a t  and J i ( p l )  = 0. 
W e  no te  from t h e  curves f o r  0 = 45' t h a t  a downgoing loop from &/ac E 1 

has  coupled wi th  a n  upgoing loop  from U/Oc = 0 

i n s t a b i l i t y .  A n  a d d i t i o n a l  i n s t a b i l i t y  is exhib i ted  f o r  0 = l?', where 

for convenience U./U (dashed) has been p l o t t e d  using U/U = 1 a s  a 

base l i n e .  W e  conclude from t h e s e  r e s u l t s ,  and t a b l e  1 of P a r t  I, t h a t  

i n s t a b i l i t y  may occur  i n  obl ique  propagat ion w e l l  below t h e  threshold  f o r  

uns t ab le  perpendicular  propagation. 

J i (pI )  = 0, so t h a t  i n  t h e  l i m i t  one undulat-  

Jn(pI) = 0 

t o  produce a n  abso lu te  

1 c  C 

A thorough s tudy of (9) could be ma.de v i a  dia.grams such a s  f i g u r e  1. 

and t h e  i n s t a b i l i t i e s  a r e  absolu te ,  S ince  w e  a r e  so lv ing  f o r  U(k r e a l ) ,  

w e  have p re fe r r ed  t h e  a l t e r n a t i v e  of producing t h e  f a m i l i e s  of curves 

shown i n  f i g u r e  2 f o r  f i x e d  k and varying k . These have t h e  advan- 

ta.ges of being e a s i l y  r e l a t e d  t o  t h e  work of P a r t  I, and a r e  d i r e c t l y  

r e l e v a n t  t o  p a r a l l e l  propagat ion i n  a t r ansve r se ly  bounded plasma, where 

t h e  f i n i t e  dimensions could be accounted f o r  roughly by tak ing  a f ixed  

va lue  of k 

N 

I 11 

I* 
To f i n d  t h e  c u t o f f s  f o r  f i g u r e  2, w e  pu t  k = 0 i n  (9) .  One se t  

II 
of c u t o f f s  a r e  g iven  by t h e  ze ros  of t h e  numerator, which i s  j u s t  t h e  

CHW d i spe r s ion  r e l a t i o n  f o r  perpendicular  propagation, so they may be 

read  of f  f i g u r e  2 of P a r t  I .  Our choice of 1-1 = k v /Wc = 1, 3, 4.5, 
w i l l  now be apprec ia ted .  The f i r s t  va lue  i s  i n  a reg ion  where no i n s t a -  

b i l i t y  can occur f o r  perpendicular  propagation; t h e  second i s  where only 

t h e  zero-frequency i n s t a b i l i t y  can occur,  and t h e  t h i r d  i s  where mode 

coupl ing can occur f o r  1 S O  /a 5 2. A second set of c u t o f f s  can be 

obtained by approximating (9)  by 

I I O 1  

r c  

Thus, U/Uc 4 n a s  k 4 0, so  there i s  a cu tof f  a t  each cyc lo t ron  

harmonic. 
II 

The resonances ( k  = w )  occur  when t h e  denominator of (9) i s  zero.  
II  2 2  

This  func t ion  i s  p l o t t e d  i n  f i g u r e  3 a .  For 0) /U = 0.25, two branches P C  

b 
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(a) kLvor/cuc = 1.0 

Fig. 2 .  DISPERSION CHARACTERISTICS OF OBLIQUELY PROPAGATING 
CYCLOTRON HARMONIC WAVES: RING DISTRIBUTION. 
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( c )  k v /uc = 4.5 
k OJ. 

Fig. 2. CONTINUED. 
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(b) M a x w e l l i a n  transverse 
d i s t r i b u t i o n  

Fig.  3. RESONANCE FREQUENCIES (kt, = a) OF OBLIQUELY ~ 

PROPAGATING CYCLOTRON HARMONIC WAVES. 
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undulate  about each harmonic l i n e ,  and i n t e r s e c t  them a t  t he  ze ros  

(arn) of Jn(pl). There is no coupl ing between upgoi 

loops,  so t h e  resonance f requencies  a r e  rea.1. For U 

occurs. For a l l  ca ses  w e  ha.ve considered,  coupl ing occ 

anm < '1 a( n+l>  ,m and a(n+l>,m < '1 < * n , p 1 ) ,  P C  
c i e n t l y  l a r g e .  Some c r i t i c a l  va lues  of U2/U a r e  given i n  ta.ble 1 f o r  

t h e  f i r s t  three frequency bands. They a r e  c l e a r l y  much lower thaa  those 

f o r  pure ly  perpendicular  propagation. (see t a b l e  1 of P a r t  I )  

P C  

Frequency Band 
* 

)o <U/Uc < 1 1 < U/Uc < 2 2 <Wac < 3 \ 

2 2  (D2/UZ 
1 P 

Up/Uc Range of p 2 2  
1 

Range of IJ. Range of p, 
1 

0 - 2.40 0.34 0 - 3.83 0.53 0 - 5.14 0.66 
2.40 - 3.83 1.07 3.83 - 5.14 1.70 5.14 - 6.38 2.29 

3.83 - 5.52 1.38 5.14 - 7.02 1.62 6.38 - 8.42 1.82 

TABLE 1. I n s t a b i l i t y  th reshold  va lues  of g/U2 
P C  

W e  now cons ider  t h e  f a m i l i e s  of d i spe r s ion  c h a r a c t e r i s t i c s  d i s p l a y e d  
2 2  
P C  

i n  f i g u r e  2. For U /U small ,  each passband has two propaga.tion 

branches a s soc ia t ed  wi th  i t ,  the  frequency spread about rm decreasing 

r a p i d l y  wi th  inc reas ing  n. For p, = 1, i n s t a b i l i t y  f i r s t  occurs  i n  
1 

t h e  lowest passband, f o r  a va lue  of k v /U corresponding to propaga- 

t i o n  a t  8 - 45O. 
U2 + > ( wc) , 

P 
few passbands. For p, = 3 ,  i n s t a b i l i t y  occurs  f i r s t  i n  t h e  second and 

t h i r d  passbands, and f o r  U:/Uz = 3 has spread t o  t h e  f i r s t  and fou r th .  

Above u) /U = 17.02, w e  expect a d d i t i o n a l  e f f e c t s  s i n c e  t h e  zero-  

C 

II 01. 
Successive passbands become uns t ab le  roughly for  

bu t  t h e  growth r a t e s  a r e  small  except i n  t he  f irst  2 

2 2  
P C  

ency i n s t a b i l i t y  has  set i n  f o r  pure ly  perpendicular  propagation. 

11 ' appear  i n  t h e  lowest passband for  cop/Uc 2 2  = 20. A t  small k 

a r e  two imaginary roots. A s  k i nc reases ,  t h e r e  i s  a t r a n s i t i o n  
II 

t o  complex r o o t s  w i t h  a very  r a p i d  growth r a t e .  
2 2  

CDp/Uc 
f o r  a l l  k . For t h e  f i n a l  case,  = 4.5, where uns tab le  perpendicular  

propagat ion f i r  t occurs  i n  t h e  band 

Fur the r  i nc rease  i n  

reduces t h e  real p a r t s  t o  zero, l eav ing  purely imaginary s o l u t i o n s  

II 
1 SUr/Oc 5 2, the c h a r a c t e r i s t i c s  

11 



i n  a l l  o t h e r  bands a r e  s i m i l a r  t o  those  f o r  

growth r a t e s .  

b i l i t y  f o r  a l l  k once t h e  perpendicular  i n s t a b i l i t y  th reshold  has been 

passed. The r e s u l t s  f o r  a',/.: 2 8 suggest  t h a t  t h e  i n s t a b i l i t y  i n  t h i s  

band always has  t h e  h ighes t  growth r a t e .  

A common f e a t u r e  of t h e  curves i n  f i g u r e  2 i s  t h a t  t h e  branches 

1-1, = 1, though wi th  s t ronger  

I n  t h e  second passbamd, however, t h e r e  is  abso lu te  i n s t a -  

II 

U( k ) 
fol lows tha.t t h e  threshold  f o r  coupling w i l l  have k = 00, and t h a t  

curves  such a s  t hose  of f i g u r e  3 determine immedia.tely whether a given 

band w i l l  be  unsta.ble or not .  The i n s t a b i l i t y  th resholds  suggested i n  

t h i s  way a r e  s u b s t a n t i a l l y  lower than  f o r  perpendicular  propagation. I n  

a n t i c i p a t i o n  of Sec t ion  4, i t  should be pointed o u t  t h a t ,  i n  p r a c t i c e ,  

t h e r e  is always a spread of e l e c t r o n  v e l o c i t i e s  pa.ra1lel  t o  the ma.gnetic 

f i e l d .  This  can s t rong ly  modify t h e  threshold  condi t ions .  An add i t iona l  

cau t ion  should be s t a t e d  a g a i n s t  i n t e r p r e t i n g  t o o  l i t e r a l l y  t h e  l i m i t  

k -03, 

parab le  with an  e l e c t r o n i c  Debye length .  

i n c r e a s e  or decrease  monotonically towards coupling po in t s .  It  
II  

II 

since t h e  theory  w i l l  u l t ima te ly  break down a t  wavelengths com- 
II 

12 



4. NIAXWELLIAN TRANSVERSE DISTRIBUTION: NO AXIAL VELOCITY 

I n  P a r t  I ,  i t  was e s t ab l i shed  t h a t  i n t roduc t ion  of a t r ansve r se  

v e l o c i t y  spread l e d  t o  less v i o l e n t  perpendicular ly  propagating i n s t a -  

b i l i t y  than  t h a t  a s soc ia t ed  wi th  a r i n g  d i s t r i b u t i o n ,  and could g ive  

complete s t a b i l i t y  i f  ;Sfo/avI < 0 f o r  a l l  v 7 0. The Maxwellian 

f a l l s  i n t o  t h i s  c l a s s ,  and w e  now wish t o  determine whether s t a b i l i t y  

p e r s i s t s  when obl ique  propagat ion is  considered. 

I 

For no a x i a l  v e l o c i t y  spread, t h e  d i s t r i b u t i o n  may be  w r i t t e n  a s  

2 

f ( v  , v )  = -  1 exp (- - ) q , 1  . 
2T[VtI 

I I \I  

S u b s t i t u t i o n  i n  ( 2 ) ,  and some manipulation, y i e l d s  t h e  d i spe r s ion  r e l a -  

t i o n  

2 where h = ( k  v /U ) . Equation (13) may be rearranged analogously t o  
I tl. c 

(9) a s  

Dispersion C h a r a c t e r i s t i c s  

A s  f o r  the  r i n g  d i s t r i b u t i o n ,  one set of c u t o f f s  a r e  found from (14)  
a t  “Luc, and a second set a r e  determined by t h e  numerator. Its zeros  

a r e  s o l u t i o n s  of t he  CHW d i spe r s ion  r e l a t i o n  for perpendicular  propaga- 

t i o n ,  and can be read off f i g u r e  5 of P a r t  I. 

t i on ,  these cutof f  f requencies  a r e  always r e a l .  Resonances occur a t  

Unlike t h e  r i n g  d i s t r i b u -  



zeros of t h e  numerator 

t o ryna tu re  of t h e  propagat ion branches i s  t h a t  there can b 

i n  only  a s ing1  

bu t ions  such a s  t h e  r i n g ,  there may be many ranges.  

F igu re  4 shows t y p i c a l  d i s p e r s i o n  c h a r a c t e r i s t i c s  computed from 

(14). They may be cornpaxed wi th  t h e  r e l e v a n t  curves of f i g u r e  2b for 

t h e  r i n g  d i s t r i b u t i o n ,  and a r e  found t o  be  very s i m i l a r ,  

exhaus t ive  numerical s tudy  has  not  been made, w e  can be sure t h a t  there 
2 2  

a r e  no long wavelength (k 4 0 )  i n s t a b i l i t i e s  for any va lue  of u) 

Our next  concern must be t o  see t o  what e x t e n t  t h e  s h o r t  wa.velength 

i n s t a b i l i t i e s  a r e  quenched by t h e  i n t r o d u c t i o n  of a x i a l  v e l o c i t y  spread.  

Although an 

II P 
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5 .  MAXWEUIAW TRANSVERSE DIS 

To d e r i v e  t h e  CHW d i s p e r s i o n  r e l a t i o n  i n  

spread p a x a l l e l  t o  t h e  s t a t i c  ma 

a x i a l  d i s t r i b u t i o n s  such a s  the 

cendenta l  i n  k . The numerical s t a b i l i t y  ana lys i  
II 

p l i c a t e d  by the  presence of an i n f i n i t e  

ma thema t i c a l  d i f f i c u l t i e s  can be avoide 

sics, by cons ider ing  p l a u s i b l e  a n a l y t i c  

c i t y  d i s t r i b u t i o n  of i n t e r e s t ,  cons t ruc ted  so a s  t o  y i e l d  simpler d i spe r -  

s i o n  r e l a t i o n s  a l g e b r a i c  i n  k i .e. w i t h  a small number of Landau 

poles .  

bu t ions  of the  forms 

II' 
For t h i s  reason,  w e  s h a l l  now i n v e s t i g a t e  resonance-type distri- 

2 2  v3  exp( -vL/2vtl) 2 2  

f ( v  v )  =A f ( v  v , = *  
2 2  ' 0 J"' II 3-c (v=I + v2 )2 O I' 1' 23-c v (v2 + v2 ) 

v exp( -vl/2vtl) 

tJ" II t I I  t l  II t II 

(15) 
S u b s t i t u t i o n  of t h e  first of t h e s e  i n  (1) y i e l d s  

S u b s t i t u t i o n  of t h e  second 

l e a d s  t o  

("resonance-squared") d i s t r i b u t i o n  i n  ( 1) 

v k k ) + i k  v 
cu 2 11 II ' 1 II I1 t II 

K+(O,L) = 1 

C 



S t a b i l i t y  Analysis  

Comparison of (16) wi th  (13) shows t h a t  t h e  d i spe r s ion  r e l a t i o n  f o r  

t h e  s imple resonance a x i a l  d i s t r i b u t i o n  can be obtained d i r e c t l y  from 

t h a t  with no a x i a l  v e l o c i t y  by r ep lac ing  0 wi th  0 - i k  v . Since  t h e  

i n i t i a l  s t e p  i n  t h e  s t a b i l i t y  a n a l y s i s  i s  t o  s o l v e  (16) f o r  0 ( k  real.), 

w e  see t h a t  t h e  t ransformation changes 0 bu t  no t  0 . Figure  5 
i l l u s t r a t e s  t h i s  fo r  t h e  parameters of f i g u r e  4. Both of t h e  imaginary 

p a r t s  of t h e  complex0  s o l u t i o n s  a r e  p lo t t ed .  The r e a l  p a r t s  a r e  s t i l l  

g iven  by f i g u r e  4. 
s h i f t  due t o  a x i a l  v e l o c i t i e s  has t h e  e f f e c t  of s t a b i l i z i n g  t h e  s h o r t  

wavelengths ( k  4 a). I n  t h e  f i r s t  passband, t h e r e  is  now only a narrow 

range of k v /0 for  which 0. < 0. I n  the  second passband, t h e  range 

is even more r e s t r i c t e d .  The t h i r d  passband has  been s t a b i l i z e d ,  and a l l  

h igher  passbands ( 3  < Ur/O ) show the  same a t t enua t ion ,  0 = k v . 

II t II 
Ly 

iJ r 

W e  n o t e  t h a t  t h e  in t roduc t ion  of t h e  complex Doppler 

II 
II tL 1 

i II t II C 

I n  previous sec t ions ,  and ’ P a r t  I of t h e  paper, complex conjugate  

s o l u t i o n s  were obtained f o r  

p r e t a b l e  a s  absolu te .  With a n  a x i a l  v e l o c i t y  sprea.d, t h i s  i s  no longer  

t h e  case, and more d e t a i l e d  s t a b i l i t y  a n a l y s i s  is requi red .  This  could 

be c a r r i e d  out  f o r  the s imple resonance d i s t r i b u t i o n ,  but  w e  s h a l l  not  

do so, s i n c e  i t  has  t h e  undes i rab le  f e a t u r e  of a n  i n f i n i t e  thermal velo- 

c i t y .  W e  have employed i t  because of t h e  d i r e c t  demonstration i t  pro- 

v ides ,  and the i n s i g h t  i t  g i v e s , i n t o  t h e  s t a b i l i z i n g  e f f e c t  of a x i a l  

v e l o c i t i e s .  

r e l a t i o n  of (17), f o r  t h e  resonance-squared d i s t r i b u t i o n .  

thermal v e l o c i t y  of v . 

0(& r e a l ) ,  and t h e  i n s t a b i l i t i e s  were i n t e r -  

For t h e  s t a b i l i t y  ana lys i s ,  w e  s h a l l  cons ider  the  d i spe r s ion  

This  has  a 

t II 
Figure  6 shows t y p i c a l  d i spe r s ion  c h a r a c t e r i s t i c s  computed from (17) 

f o r  t he  parameters of f i g u r e  4. 
t w o  propagat ing branches i n  each passband. 

A s  i n  our  previous examples, t h e r e  a r e  

For  c l a r i t y ,  t hese  have been 

separa ted  i n t o  t w o  sets. W e  n o t e  t h a t  t h e r e  i s  one uns tab le  branch i n  

t h e  f irst  passband, w i th  0./0 < 0 over a s h o r t  range of k v /UC, 

and a r o o t  w i th  0./U 

passband. 

ll II  1 c  
dipping down towards i n s t a b i l i t y  i n  t h e  second 1 c  

The la t ter  i s  s tud ied  i n  more d e t a i l  i n  t h e  conformal mappings of 

f i g u r e  7, which show contours  A-D i n  t h e  complex0-plane mapped i n t o  the  

complex k -plane v i a  (17). I n  accordance with the  s t a b i l i t y  c r i t e r i o n  
II 

17 
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quoted i n  Sec t ion  2, w e  look  for  saddlepoin ts  (aK+/ak,, = 0 )  correspond- 
3. II 

i n g  t o  the  merging of t w o  zeros of K (0,k) ac ross  t h e  p o s i t i v e  k a x i s ,  

and t he i r  corresponding branchpoints  i n  t h e u - p l a n e .  For v /v E: 0.42, 

merging occurs  w i t h  cu < 0 a t  t h e  branchpoint,  so there is  abso lu te  

II 

t I I  
i 

= 0.43 makes cu > 0 a t  t h e  
i i n s t a b i l i t y .  An i n c r e a s e  t o  

branchpoint.  S ince  t h e r e  a r e  s t i l l  s o l u t i o n s  w i t h  a. < 0 f o r  

k . v  /UC = 0, t h e  s i t u a t i o n  is now convect ively uns tab le ,  For a f u r -  
1 

1 1 1  t l l  
t h e r  i nc rease ,  t o  v /vtl = 0.70, w e  see t h a t  U. > 0 f o r  k . v  /UC=O. 

This  impl ies  t h a t  t h e  convect ive i n s t a b i l i t y  has  been quenched and t h e  
t I! 1 1 1 1  t I I  

r o o t  is  s t a b l e .  There would s t i l l  remain of course,  the  uns tab le  r o o t  

shown i n  t h e  f i r s t  passband i n  f i g u r e  6. 
ther  inc rease  i n  

This  could be removed by a f u r -  

Vt l\/vtl* 
To complete the  s t a b i l i t y  ana lys i s ,  i t  would be necessary t o  f i x  

and r epea t  t h e  procedure for a l l  r e a l  k We w i l l  no t  do t h i s ,  

bu t  w i l l  s imply s t a t e  t h e  fol lowing specu la t ive  genera l  conclusions,  

which a r e  supported by o t h e r  computations w e  have c a r r i e d  ou t  on t h i s  

and o t h e r  magnetoplasma i n s t a b i l i t i e s :  Oblique propagation always l e a d s  

t o  abso lu te  i n s t a b i l i t y  if there i s  zero a x i a l  v e l o c i t y  spread,  i .e,  

i n f i n i t e  anisotropy.  A s  the  an iso t ropy  i s  reduced, t h e  i n s t a b i l i t i e s  

become convective.  They a r e  f i n a l l y  quenched a s  i so t ropy  is approached. 

Vt \I/Vtl I' 
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6. ISOTROPIC IMAxwEL;LIAN DISTRIBUTION 

To complete t h e  comparison wi th  the  b a s i c  cases  t r e a t e d  i n  P a r t  I, 

w e  now cons ider  a Maxwellian t r a n s v e r s e  v e l o c i t y  d i s t r i b u t i o n ,  and a 

Maxwellian a x i a l  d i s t r i b u t i o n .  Most genera l ly ,  t h i s  may be w r i t t e n  a s  

where v and v a r e  t he  p a r a l l e l  and perpendicular  thermal ve loc i -  

ties, r e s p e c t i v e l y .  
t II  t . L  

S u b s t i t u t i o n  i n  (1) leads  t o  t h e  d i spe r s ion  r e l a t i o n  

2 w 
K(m,k) = 1 f 

k v  

(19) 
where T = vtl,/vtL, 

i s  def ined as ( F r i e d  and Conte 1961) 
and Z(z) ,  which a r i s e s  from t h e  v i n t e g r a t i o n ,  

II 

co. o=o ,  z < 0 i 
Z(z)  = 4 j e  d t  - io fl2 - 1 exp(-z 2 ) { =1 , = 0) , (20) 

- 
f12-oo =2, > O  

Here, t h e  p r i n c i p a l  p a r t  of t h e  i n t e g r a l  i s  taken  i f  z l i es  on t h e  

r e a l  t a x i s .  

For a n i s o t r o p i c  plasmas w i t h  v < v i n s t a b i l i t i e s  simi1a.r t o  
ti\ t.L’  

t hose  discussed i n  Sec t ion  5 a r e  t o  be expected. They have a t t r a c t e d  

cons iderable  i n t e r e s t ,  and the  reader  i s  r e f e r r e d  to  t h e  l i t e r a t u r e  

(see Crawford 1968 f o r  r e f e r e n c e s ) ,  

case ( v t  = v = v ), which is completely s t a b l e  (Berns t e in  19>8). 
H e r e  w e  s h a l l  consider  t h e  i s o t r o p i c  

t I I  t l  

Dispers ion  C h a r a c t e r i s t i c s  

F igure  8 shows numerical s o l u t i o n s  U(E r e a l )  to  (19), and con- 

f i rms  t h e  absence of i n s t a b i l i t y .  A s  i n  a l l  o t h e r  cases  i n  P a r t  11, 
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t h e r e  a r e  two branches i n  each passband. 

c l a r i t y ,  Although t h e r e  is no c o l l i s i o n l e s s  damping f o r  purely perpendi- 

c u l a r  propagation, w e  n o t e  t h a t  t h e  a t t e n u a t i o n  inc reases  very r a p i d l y  

wi th  k v /a p a r t i c u l a r l y  f o r  t h e  modes w i t h  c u t o f f s  a t  m . Bear- 

i n g  i n  mind t h a t  a M a  corresponds t o  a n  a t t e n u a t i o n  of over 50 dB/ 

cyc lo t ron  per iod (= 271/Oc), 

propagat ion w i l l  be  d i f f i c u l t  t o  observe experimental ly  f o r  angles  only 

a few degrees  of f  exac t  perpendicular i ty .  

These have been separated,  f o r  

II cy  C 

i r 
i t  w i l l  be  appreciated from f i g u r e  8 t h a t  

S ince  t h e r e  a r e  no abso lu te  i n s t a b i l i t i e s  present ,  w e  a r e  e n t i t l e d  

t o  so lve  (19) f o r  k(U r e a l ) .  The cha rac t e r  of the Z-function of (20) 

makes t h i s  by no means t r i v i a l ,  however, and f o r  complex k w e  s h a l l  pre- 

s e n t  on ly  t h e  set of curves  shown i n  f i g u r e  9 .  P a r t i c u l a r  branches have 

been chosen so a s  t o  i l l u s t r a t e  t h e  passage from no c o l l i s i o n l e s s  damping 

i n  t h e  l i m i t  

8 = 0. A d i s t i n c t i o n  may be made i n  t h i s  r e spec t  between cyc lo t ron  and 

Landau-type i n t e r a c t i o n s :  An e l e c t r o n  s p i r a l l i n g  about t h e  magnetic 

f i e l d  sees t h e  Wave a t  t h e  Doppler-shifted frequency CU - k v , If a 

spread i n  v ex is t s ,  i t  i s  poss ib l e  to  f i n d  e l e c t r o n s  f o r  which 

0' M nos where n is  an  i n t e g e r .  There is  then an  energy exchange 

between t h e  e l e c t r o n s  and t h e  CHW via  i t s  e lec t r ic  f i e l d .  Damping 

r e s u l t s  if t h e  e l e c t r o n s  g a i n  energy, w h i l e  i n s t a b i l i t y  occurs i f  t he  

e l e c t r o n s  lose energy. 

those  e l e c t r o n s  which see t h e  CHW a t  

see a s t a t i c  f i e l d ,  corresponding t o  n = 0, 

b i l i t y )  r e s u l t s ,  I n  t h e  l i m i t i n g  case  8 = 0, t h e  e lec t r ic  f i e l d  of 

t he  wave i s  p a r a l l e l  t o  

N 

N 

0 = go", t o  Landau damping of plasma o s c i l l a t i o n s  when 

II II 

II 
C' 

Cyclotron damping (or i n s t a b i l i t y )  a r i s e s  from 

wc ( n  f 0) .  I f  the  e l ec t rons  

Landau damping (or i n s t a -  

so t h e  damping is  purely of t h e  Landau %, 
type  

24 
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7, DISCUSSION 

The computations of  Sec t ions  3-6 demonstrate that obl ique  prop- 

aga t ion  has f e a t u r e s  which d isappear  i n  the perpendicular  propagat ion 

l i m i t .  Most important i s  t h e  presence of a second branch i n  each 

cyc lo t ron  harmonic band. 

and t h e  occurrence of i n s t a b i l i t i e s ,  For the r i n g  d i s t r i b u t i o n ,  t h e  

These c o n t r i b u t e  m a t e r i a l l y  t o  mode coupl ing 

r e s u l t s  of Sec t ion  3 i n d i c a t e  much lower i n s t a b i l i t y  th resholds  
2 2  

(cup/cuc), 
ob l ique  propagat ion f o r  t h e  Maxwellian t r a n s v e r s e  d i s t r i b u t i o n ;  a 

d i s t r i b u t i o n  which w a s  shown i n  P a r t  I t o  be s t a b l e  f o r  perpendicular  

whi le  Sec t ion  4 demonstrates tha t  i n s t a b i l i t y  can occur  i n  

propagat ion .  

Addit ion of an a x i a l  v e l o c i t y  d i s t r i b u t i o n  produces success ive ly  

three new e f f e c t s .  F i r s t ,  i t  s t a b i l i z e s  s h o r t  wavelength i n s t a b i l i t i e s .  

Second, it can convert  abso lu t e  t o  convect ive i n s t a b i l i t y ,  and t h i r d  

i t  can quench i n s t a b i l i t i e s  e n t i r e l y  i f  i so t ropy  i s  approached. Indeed, 

the d i s p e r s i o n  r e l a t i o n  f o r  an . i s o t r o p i c  Maxwellian gene ra l ly  shows 

very s t r o n g  damping, except w i t h i n  a few degrees  of exac t ly  perpendicular  

propagat ion .  

I n  P a r t  I, a mixture of  r i n g  and Maxwellian d i s t r i b u t i o n s  w a s  

examined i n  d e t a i l .  I t  would be very time-consuming and expensive t o  

extend t h i s  work t o  obl ique  propagat ion,  but  we may specu la t e  on the 

l i k e l y  behavior o f  t h i s  and o t h e r  mixtures of e n e r g e t i c  e l e c t r o n s  i n  a 

s t a b l e  background. I t  seems l i k e l y  tha t  t h e  h igh  damping i n  a Maxwel- 

l i a n  plasma could only  be o f f s e t  by a r e l a t i v e l y  dense e n e r g e t i c  group, 

and t h a t  marginal s t a b i l i t y  would occur  for nea r ly  perpendicular  prop- 

aga t ion .  

experiment f o r  checking- the  theory .  For example, t h e  d e n s i t y  of  t h e  

e n e r g e t i c  group could be r a i s e d  w h i l e  ob l ique  CHW propagat ion was 

measured i n  a Maxwellian background plasma. The reduct ion  of damping 

and the o n s e t s  of  convect ive and abso lu te  i n s t a b i l i t y  should a l l  be 

measurable f o r  comparison wi th  numerical p red ic t ions .  

Fu r the r  work i s  r equ i r ed ,  and may p o i n t  t h e  way t o  a s u i t a b l e  

This  work w a s  supported by t h e  U . S .  Atomic Energy Commission, and 

t h e  Nat ional  Aeronautics and Space Adminis t ra t ion.  The  au thors  a r e  

indebted t o  D r .  H. D e r f l e r  f o r  many h e l p f u l  d i scuss ions .  
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